AN ALGEBRAIC APPROACH TO THE OPENNESS 
CONJECTURE OF DEMAILLY AND KOLLAR 

MATTIAS JONSSON AND MIRCEA MUSTATA 

Abstract. We reduce the Openness Conjecture of Demailly and KoUar on 
the singularities of plurisubharmonic functions to a purely algebraic statement. 



In this paper we study singularities of plurisubharmonic (psh) functions. These 
are important in complex analytic geometry, see, for instance, |Lel691 ISko72l 
ISiu74| IDem87[ IKis871 IKis941 IDKOl) . Specifically, we study the openness con- 
jecture of Demailly and Kollar, and reduce this conjecture to a purely algebraic 
statement. 

Let ip be the germ of a psh function at a point x on a complex manifold. It 
is easy to see that the set of real numbers c > such that exp(— c<^) is locally 
integrable at x is an interval. It is nonempty by a result of Skoda [S ko72j . The 
openness conjecture, see [DKOl^ Remark 5.3], asserts that this interval is open. 
If we define the complex singularity exponent of at x by 

Cxif) = sup{c > I exp(— 2c(/?) is locally integrable at x}, 

then the conjecture can be stated as follows: 

Conjecture A. If Cx{f) < oo, then the function ex.p{—2cx{(p)f) is not locally 
integrable at x. 
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In fact, Demailly and Kollar made the following slightly more precise conjec- 
ture, which easily implies Conjectm'e A, see |DKOH Remark 4.4]. 

Conjecture B. Ifcx{f) < oo, then for every open neighborhood U of x on which 
ip is defined, we have the estimate 

Yo\{y e U I Cx{ip)if{y) < logr} > 

as r — 7- 0. 

Here and throughout the paper we write /(r) > as r — )• if there exists 
c > such that /(r) > cr"^ for all sufficiently small r. 

Demailly and Kollar also proved that Conjecture A implies a stronger openness 
statement, namely, that the local integrability of exp(— 2(/9) is an open condition 
with respect to the LJ^^ topology, see |DKOH Conjecture 5.4]. 

Conjectures A and B are easily verified in dimension one. A proof in the two- 
dimensional case was given in |F J05bj . In higher dimensions, they are open. In 
this paper we reduce Conjecture B to a purely algebraic conjecture: 

Conjecture C. Let k be an algebraically closed field of characteristic zero. Let 
0, be a graded sequence of ideals in the polynomial ring R = . . . ,Xm] such 
that Oi is m-primary, where m is a maximal ideal in R. Then there exists a 
quasimonomial valuation v on R which computes lct(a,). 



Let us briefly explain the meaning of the terms here; see ^2.1 and |JM12j for 
more details. The log canonical threshold lct(o) of an ideal a C i? is the algebro- 
geometric analogue of the complex singularity exponent. A graded sequence o, = 
{aj)'jLi of ideals in i? is a sequence such that • aj C aj+j for all i,j > 1 (we 
always assume that some Oj is nonzero). We then define 

lct(a,) := supjlct(aj) = lim jlct(oj), 

j j^oo 

where the limit is over those j for which aj is nonzero. Similarly, if v: — )• R>o 
is a valuation, then we set 

v{a,) := supr^v{aj) = lim r'^viaj), 

j ]^oo 

where again the limit is over the j for which aj is nonzero. One can show that 

lct(a.) = inf4^, W 

where the infimum is over quasimonomial valuations v, that is, valuations that 
are monomial in suitable coordinates on a suitable blowup of Speci?. Here A{v) 
is the log discrepancy of v. Finally, we say that a quasimonomial valuation v 
computes lct(o,) if the infimum in (★) is achieved by v. 

Conjecture C holds in dimension two, see |JM121 §9]. In higher dimensions, it 
is open. Our main result is 

Theorem D. Lf Conjecture C holds for any dimension m < n and any alge- 
braically closed field k of characteristic zero, then Conjecture B holds in dimen- 
sion n. 
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In fact, we prove a slightly more general result, with the log canonical thresh- 
old replaced by more general jumping numbers in the sense of |ELSV04] . see 
Theorem D' in §3.1[ This result has the following consequence. Let (p he a psh 
function on a complex manifold U. Recall that the multiplier ideal J^{(p) of (p 
is the analytic ideal sheaf on U whose stalk at a point x is given by the set of 
holomorphic germs / G Ox such that \f\'^e~'^^ is locally integrable at x. This is 
a coherent ideal sheaf. Now define J^^ip) as the (increasing, locally stationary) 
limit of J7'((l + as e \ 0. We then show that a suitable generalization of 



Conjecture C implies that J^{ip) = Jip), see Remark 3.10 

We note that one can formulate a version of Conjecture C in a more general 
setting, dealing with arbitrary graded sequences on regular excellent connected 
schemes over Q. It was shown in |JM12J that this more general conjecture follows 
from the special case in Conjecture C above. 

One can also formulate a similar conjecture for subadditive sequences. Recall 
that a sequence b, = {bj)JLi of nonzero ideals in R is subadditive if • bj 5 bj+j 
for all i,j > 1. As in the case of graded sequences, we can define lct(b,) and 
v{b,) when v: R ^ R.>o is a valuation, and we can consider whether v computes 
lct(b,). We say that b, has controlled growth if 

]:v{bj) <vib,) < jivibj) + A{v)) 

for all i > 1 and all quasimonomial valuations v on R (with the left inequality 
being obvious). Subadditive systems usually arise as multiplier ideals and then 



are of controlled growth, see Proposition 3.12 and also |JM12l Proposition 2.13]. 



We show that Conjecture C implies (in fact, it is equivalent to) the following 
statement. 

Conjecture E. Let b, be a subadditive sequence of ideals in an excellent regular 
domain R of equicharacteristic zero. If b, is of controlled growth and there is a 
maximal ideal m in R and a positive integer p such that mP^ C bj for all j, then 
there exists a quasimonomial valuation v on R such that v computes lct(b,). 

It is this form of the conjecture that we will use in the proof of Theorem D. 
Let us now indicate the strategy of this proof. Suppose p is a psh germ at a 
point X on a complex manifold with A := Cxi^p) < oo. To tp we associate a 
sequence b, = (bj)j>i of ideals by letting bj be the analytic multiplier ideal of 
the psh function jp. It follows from |DELOO| that b, is subadditive. Further, 
using techniques due to Demailly [Dem92t IDem93] . one can show that b, has 
controlled growth and that the singularities of bj closely approximate those of ip. 

The complex singularity exponent Cy{ip) is a lower semicontinuous function of 
the point y, so we can define V as the "log canonical locus of A^j", that is, the 
germ at x of the analytic set defined by Cy{p) < A. Assume that V is smooth 
at X (this is in fact no restriction) and let Oxy be the localization of the ring of 
holomorphic germs at x, at the prime ideal defined by V. Since the latter ring is 
excellent [Mat80^ Theorem 102], so is Oxy- 

We now have the subadditive sequence b, • Oxy of ideals in the excellent, 
regular local ring Oxy- By applying Conjecture E, we conclude that there exists 
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a quasimonomial valuation of Oxy computing lct(b, • O^y). This valuation is 
monomial in suitable algebraic coordinates on a regular scheme X admitting a 
projective birational map to Spec Oxy ■ We can "analytify" the latter map and 
interpret the quasimonomial valuation as an analytic invariant, the Kiselman 
number of if. Using basic properties of psh functions and Kiselman numbers we 
then obtain the desired volume estimates in Conjecture B. 

As already mentioned, Conjecture C holds in dimension two, so we obtain a 
new proof of the openness conjecture in dimension two. In fact, this proof is quite 
similar to the one in jF J05b| . The strategy in loc. cit. is to consider a subspace 
V of semivaluations v: Ox ^ [0, +00] satisfying t'(m^) = 1, where is the 
maximal ideal. One can equip V with a natural topology in which it is compact 
Hausdorff; it also has the structure of a tree and is studied in detail in [FJM] 
(see also |Jonl2| ). To a psh germ at x one can associate a lower semicontinuous 
function on V whose minimum is equal to Cxi^p)- It turns out that the minimum 
must occur for a semivaluation that is either quasimonomial or associated to the 
germ of an analytic curve at x. In both cases one can deduce the volume estimate 



in Conjecture B using a simplified version of the arguments in ^4.2 

In higher dimensions, the analogue of the space V was studied in [BFJ08], 
where it was shown that Cx{^p) can be computed using quasimonomial valuations. 
However, when ip does not have an isolated singularity at the origin, it seems 
difficult to define a suitable lower semicontinuous functional directly on V, having 
minimum equal to Cx{(p)- The idea is to instead work at a generic point of the log 
canonical locus of Xip. This does not quite make sense in the analytic category, 
and for this reason we pass to algebraic arguments using the subadditive sequence 
b,. In the algebraic category, localization arguments work quite well and were 
extensively used in [JM12j . 

The idea of studing psh functions using valuations was systematically devel- 
oped in [FJOSat |FJ05b, BFJ08] but appears already in the work of Lelong |Lel69] 
and Kiselman pGsS? . Kis94j. For some recent work on the singularities of psh 
functions, see also [Ra s06. Be rMl |LaglO , iGuelOj . 



The paper is organized as follows. In ^ we review facts about sequences of 
ideals and log canonical thresholds in an algebraic setting and adapt some of 
the statements to the setting of complex analytic manifolds. We also prove the 
equivalence of Conjectures C and E above. In ^ we discuss plurisubharmonic 
functions, Kiselman numbers, multiplier ideal sheaves and the Demailly approx- 
imation procedure. Finally, the main results are proved in Q 

Acknowledgment. We thank A. Rashkovskii for spotting a mistake in the 
proof of Theorem D' in an earlier version of the paper. We also thank the referee 
for a careful reading and several useful remarks. 



2. Background 

2.1. Algebraic setting. We start by recalling some basic algebraic facts. For 
more details we refer to |JM12) even though much of what follows is standard 
material. Let R be an excellent, regular domain of equicharacteristic zero. In the 
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cases we will consider, R will be the localization at a prime ideal of the ring of 
germs of holomorphic functions at a point in a complex manifold. 

2.1.1. Quasimonomial valuations. By a valuation on R we mean a rank 1 val- 
uation v: R \ {0} — )• R>o. A valuation is divisorial if there exists a projective 
birational morphism vr: X — )• Speci?, with X regular, a prime divisor ii^ on X 
and a positive number a > such that v = aord^;, where ord^; denotes the order 
of vanishing along E. 

More generally, consider a projective birational morphism vr: X — )• Speci?, 
with X regular, a reduced simple normal crossing divisor E = ^^^j Di on X, a 
subset J C I such that HieJ ™ irreducible component Z of Hie j ^^^^ 

nonnegative numbers ctj > 0, z G J, not all zero. Then there is a unique valuation 
V on R such that the following holds: if {uj)j,zj are local coordinates at the generic 
point ^ of Z such that Dj = {uj = 0} and we write f ^ R ^ ^x,(, ^ ^x,^ as 
/ = Cfsu^ , with C/3 G and, for each /3, either C/j = or C/3(.^) 7^ 0, then 

v{f) = minjy^ aif3i \ cp / 0}. 

i 

We call such a valuation quasimonomia^ and we say that the morphism vr : X — )• 
Spec-R is adapted to In general, tt is not unique. On the other hand, we can 
always choose it so that > for all i and that the a, are rationally independent, 
see |JM121 Lemma 3.6]. Finally note that quasimonomial valuations are also 
known as Abhyankar valuations, see |ELS03] and |JM12t §3.2]. 

2.1.2. Log discrepancy. Using the notation above we define the log discrepancy 
A{v) of a quasimonomial valuation v by 

where K = Kx/specR is the relative canonical divisor. In particular, A{ordD^) = 
1 + ordr) (K). One can show that the log discrepancy of a quasimonomial valu- 
ation does not depend on any choices made, see |JM12l §5.1]. Furthermore, one 
can extend the definition of log discrepancy to arbitrary valuations on R; in this 
case the log discrepancy can be infinite, see |JM12t §5.2]. 

2.1.3. Log canonical thresholds and jumping numbers. If a C i? is a proper 
nonzero ideal, then we define the log canonical threshold of a as 

lct(a)=inf^, (2.1) 
f v{a) 

where the infimum is over all nonzero valuations on R (it is enough to only 
consider quasimonomial or even divisorial valuations). The quantity Arn(o) = 



^As opposed to the convention in [JM12j . we do not consider the trivial valuation, which is 
identically zero on _R \ {0}, to be quasimonomial. 
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lct(a) ^ is called the Arnold multiplicity of a. More generally, if q C is a 
nonzero ideal, then we define 

10^(0) = inf^^^^^^^^^ and Arn''(a) = lcti(a)"^ (2.2) 
V v[a) 

Then 10^(0) is a jumping number of a in the sense of |ELSV04] . and all jumping 
numbers appear in this way. Note that lct(a) = lct^(a). The infimum in ([2?T|) 



(resp. (2.2)) is attained at some divisorial valuation associated to a prime divisor 
on some log resolution of (resp. a • q). We make the convention that if a = or 
a = R, then lct''(o) = or 00, respectively. 

2.1 A. Graded sequences. We now recall the definitions of the asymptotic invari- 
ants for graded sequences of ideals. For proofs and details we refer to jJM12j . see 
also |Mus02j . A sequence of ideals a, = (cij)j>i is a graded sequence if Oj-aj C Oj+j 
for all z,j > 1. For example, if w is a valuation on R and a is a positive real 
number, then by putting := {/ E | v{f) > ja}, we obtain a graded sequence 
in R. We refer to |Lazl §10.1] for other examples of graded sequences of ideals. 
We assume that all graded sequences are nonzero in the sense that some Oj is 
nonzero. 

It follows from the definition that if a, is a graded sequence of ideals in R and 
V is a valuation on R, then v{ai+j) < v{ai) + v{aj) for all i,j > 1. By Fekete's 
Lemma, this subadditivity property implies that 



t>(a,) := inf — = lim 

j>l j j^oo J 

where the limit is over those j such that Oj is nonzero. Similarly, if q is a nonzero 
ideal in R, we have 

lcti(a,) := sup j • lct''(aj) = lim j ■ ^^(aj), 

j>l 

where the limit is over those j such that is nonzero. We also put 

Arn''(a.) := 10^(0.)"^ 

The jumping number lct''(a,) is positive, but may be infinite. One can show (see 
|JM121 Corolloray 6.9]) that as in the case of one ideal, we have 

lct^(a.) = inf^i^4±^, (2.3) 

where the infimum is over all nonzero valuations of R (it is enough, in fact, to 
only consider quasimonomial or even divisorial valuations). 

2.1.5. Subadditive sequences. Let us now review the corresponding notions for 
the case of subadditive sequences, referring for details to [JM12J. A sequence 
b, = {bj)j>o of nonzero ideals in R is called subadditive if bj+j C bj • bj for all 
i,j > 0. This implies that f(bi+j) > v{bi) + v{bj) for all valuations v on R and 
hence that 

^(b.) := sup ^ = lim ^ e R>o U {+00}. 
j J J 
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A subadditive sequence b, has controlled growth if 

.(i>.) < !!M + ^ (2.4) 

J J 

for all j > 1 and all quasimonomial valuation v (in fact, it is enough to only 
impose this condition for divisorial valuations). In particular, for such b, we 
have f (b,) < oo for every quasimonomial valuation v. 

For every subadditive system b, and every nonzero ideal q C i?, we define 

lct\b,) := inf j ■ ^^(bj) = lim j ■ ^^(bj). 

j>l j^oo 

We also put Arn''(b,) = lct''(b,)~^. For every subadditive sequence we have 

lctnb.)=mf^'(^^^, (2.5) 

where the infimum is over all valuations v of R with A{v) < oo (see |JM12t 
Corollary 6.8]). It is clear from the definition that lct''(b,) < oo unless bj = R 
for all J. Moreover, if b, has controlled growth, then lct''(b,) > 0. Indeed, one 
can easily see that 

- ArnVb,) < ArnVb.) < - ArnVb,) + - 
j j 3 

for all j > 1, so that Arn''(b,) < oo. 

Subadditive sequences arise algebraically as asymptotic multiplier ideals. If o, 

is a graded sequence of ideals in R and if bj = J{Oii) is the asymptotic multiplier 

ideal of a, of exponent j, then b, is a subadditive sequence of controlled growth 

(see |JM121 Proposition 2.13]). Furthermore, we have lct''(a,) = ^^(b,) for 

every nonzero ideal q, and f (a,) = f (b,) for every valuation v with A{v) < oo 

(see I.TM121 Proposition 2.14, 6.2]). 

2.1.6. Computing jumping numbers of graded sequences. If o, is a graded se- 
quence of ideals in R and q is a nonzero ideal, the n we say that a nonzero valuation 



V computes lct''(o,) if v achieves the infimum in (2.3), that is, ^^(a,) — ^^^^'^^^'^^ 



v{a.) 



Note that if \ct'^{a,) = oo, then f (o.) = for every v] hence every v computes 
lct'^(a,). In what follows we will focus on the case let'' (a,) < oo; then every 
valuation v that computes lct''(o,) must satisfy A{v) < oo. 

It was shown in |JM12l Theorem 7.3] that for every graded sequence a, and 
every nonzero ideal q, there is a valuation t; on i? that computes lct''(o,). One 
should contrast this with 

Conjecture C For every excellent regular domain R of equicharacteristic zero, 
every graded sequence of ideals a,, and every nonzero ideal q in R, there is a 
quasimonomial valuation v on R that computes lct''(a,). 

One can also consider the following special case of this conjecture. 

Conjecture C" . If k is an algebraically closed field of characteristic zero and 
R = k[xi, . . . ,Xm], then for every nonzero ideal q and every graded sequence o, 
of ideals in R such that ai D for some maximal ideal m in R and some p > 1, 
there is a quasimonomial valuation v on R that computes let'' (a,). 
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Note that when the ideal q is equal to R, Conjecture C" specializes to Con- 
jecture C in the Introduction. It is shownj in |JM12t Theorem 7.6] that Con- 
jecture C holds for rings of dimension < n if and only if Conjecture C" holds 
for rings of dimension < n. We note that both conjectures are trivially true in 
dimension one. They are also true in dimension two. A proof, modeled on ideas 
in |FJ05bj is given in |JM12l §9]. 

2.1.7. Computing jumping numbers of subadditive sequences. We now turn to the 
analogous considerations for subadditive sequences. If b, is such a sequence, then 



a valuation v with A{v) < oo computes lct''(b,) if v achieves the infimum in (2.5). 
The following conjecture extends Conjecture E from the Introduction to the case 
of arbitrary jumping numbers. 

Conjecture E'. Let (\ be a nonzero ideal and b, a subadditive sequence of ideals 
in an excellent regular domain R of equicharacteristic zero. If b, is of controlled 
growth and there is a maximal ideal m in R and a positive integer p such that 
m^^ C bj for all j, then there exists a quasimonomial valuation v on R such that 
V computes lct''(b,). 

The key requirement in the above conjecture is that the valuation v be quasi- 
monomial. The next proposition shows that if we drop this requirement, we can 
find a valuation computing the log canonical threshold. This is the analogue of 
the corresponding result for graded sequences that we have mentioned above. 

Proposition 2.1. Under the assumptions in Conjecture E', there is a nonzero 
valuation v on R with A{v) < oo which computes lct'^(b,). 

Remark 2.2. A similar result appears in |Hul2aj . see also [Hul2b| . 

Proof. The argument follows verbatim the proof of |JM12t Thm 7.3], which 
treated the case of graded sequences]^ If lct''(b,) = oo, then the assertion is triv- 
ial: we may take v to be any quasimonomial valuation such that v{m) = 0, since 
in this case v{b,) = 0. Hence, from now on, we may assume that lct''(b,) < oo. 

By the assumption on b,, if v{m) = 0, then f (b,) = 0. Therefore we only need 
to focus on valuations v with v{m) > 0, and, after normalizing, we may assume 
that f (m) = 1. Let us fix e with < e < Arn''(b,) and suppose that ^(^j^*j(q) > £• 

For every j > 1 we have m^-' C bj, hence v{bj) < jp, and therefore w(b,) < p. 
This implies that A{v) < A(v) + v{q) < M, where M = p/e. We thus have 

veVM v{b,) 

where Vm is the set of all valuations v with v{m) = 1 and A(v) < M. 

The space of all valuations carries a natural topology, and the subspace Vm 
is compact by |JM12| Proposition 5.9]. Moreover, j4 is a lower semicontinuous 



*^For the comparison with [JM12] , note that a ring R has equicharacteristic zero iff Spec R is 
a scheme over Q. 

■^The proof of |JM121 Thm 7.3] involves an extra step, the reduction to the case when all 
ideals are m-primary, for some maximal ideal m in R; in our case, we do not have to worry about 
this step since this is part of the hypothesis. 
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function on Vm, while the functions v i— )• v{q) and v i— )• v{b,) are continuous on 
Vm by |JM12l Proposition 5.7, Corohary 6.6] (for the last assertion we make use 
of the hypothesis that b, has controlled growth). It follows that the function 
V I—)- "^^^l^^^*^^ is lower semicontinuous on Vm', hence it achieves its infimum at 
some point v £ Vm- CH 

2.1.8. Equivalence of conjectures. Our main result is that Conjecture C implies 
the openness conjecture, see Theorem D' in ^3.1 As a first step, we show that 
Conjectures C, C" and E' are equivalent. 

Proposition 2.3. If one of Conjectures C',C", and E' holds for all rings of 
dimension < n, then the other two conjectures hold for such rings. 

Proof. As we have already mentioned, |JM12| Theorem 7.6] gives the equivalence 
of Conjectures C and C" . On the other hand, it is easy to see that if Conjecture E' 
holds in dimension < n, then so does Conjecture C". Indeed, let q and o, be as 
in Conjecture C", and let hj = J{ai). In this case b, is a subadditive sequence 
of controlled growth, and for every j > 1 we have 

m^^' C a{ C aj C bj. 

Furthermore, if f is a quasimonomial valuation of R which computes ^^(b,), 
then, since v{a,) = v{b,) and lct''(a,) = lct''(b,), it follows that v computes 
lct''(a,). Therefore Conjecture C" holds in dimension < n. 

We now assume that Conjecture C holds in dimension < n, and consider a 
nonzero q and a subadditive sequence b, as in Conjecture E', with dim(i?) < n. 
We may assume that lct''(b,) < oo, since otherwise the assertion to be proved 
is trivial (note also that lct''(b,) > since b, has controlled growth). It follows 
from Proposition 2.1 that there is a nonzero valuation w R with A{w) < oo 
which computes lct''(b,). In particular, w{b,) is finite and positive. If we put 
ttj = {f £ R \ w{f) > j}, then a, is a graded sequence of ideals, and by 
Conjecture C there is a quasimonomial valuation v on R which computes let'' (a,). 
It is enough to show that in this case v also computes lct''(b,). 

It follows easily from the definition of a, that w{a,) = 1 and if v{a,) = 7, then 

j = mf{v{f)/w{f) \feR,w{f)>0} 

(see for example |JM12t Lemma 2.4]). We first deduce that lct''(o,) < A{w) + 
w{q) < 00, hence 7 > 0. Furthermore, we have 'y~^v > w. Since v computes 
let'' (a,), we have 

1/./ N / A(v)+v(q) A(w) + w(q) , , , , , 

^-HA{v) + v{q)) = ^ \ < ^ ' = A{w) + w{q). 2.6 

On the other hand, using the fact that '^~'^v > w, we obtain j~^v{b,) > w{b,), 
and therefore (2.6) gives 

Aiv) + v{q) A{w)+w{q) 

v{b.) - w{b,) ■ ^ ■ ^ 



By assumption, w computes lct''(b,), hence we have equality in (2.7), and v also 
computes lct''(b,). □ 
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Remark 2.4. By running the argument in the proof of Proposition |2.3| with 
q = R, we see that Conjectures C and E in the Introduction are equivalent, in 
the sense that one holds for rings of dimension < n if and only if the other one 
does. 

2.1.9. A converse to the conjectures. As a partial converse to the (equivalent) 
conjectures C, C" and E' above we show that any quasimonomial valuation 
computes some jumping number. This result will not be used in the sequel. In 
its formulation and proof we freely use terminology from jJM12j . 

Proposition 2.5. Let X be an excellent, regular, connected, separated scheme 
over Q and let v be a quasimonomial valuation on X . Then there exists a nonzero 
ideal q on X and a graded sequence a, on X such that v computes lct''(o,). 

Proof. By |JM12t Thm 7.8] it suffices to find a nonzero ideal q such that the 
following statement holds: for every valuation w E Valx such that w > v {in the 
sense that w{a) > v{a) for all ideals a on X) we have A{w) + w{q) > A{v) +v{q). 
Here A = Ax is the log discrepancy with respect to X. 

After replacing X by an open neighborhood of the center cxiv) of v on X 
we may assume that X = Specii is affine. Since v is quasimonomial, there 
exists a proper birational morphism ir: Y ^ X, with Y regular, and algebraic 
local coordinates yi, . . . ,y„ at cyIv) with respect to which v is monomial. Let 
Ei = {ui = 0}, 1 < i < n, be the associated prime divisors on Y and pick 
large enough so that A^ > ^(ord^;,.) for all i. Also write yi = Ui/bi with aj, 6j G R 
nonzero. 

We claim that the principal ideal q = (6i • . . . • fen)^ does the job. Indeed, 
suppose w £ Valx satisfies w > v. In particular, we then have 

w{ai) > v{ai) and w{bi) > v{bi) for all i. (2-8) 

Since v is monomial in coordinates yi, . . . ,yn we have 

n 

A{v) = J2Hy^)M0TdE,). (2.9) 

i=l 

By the definition of A{w) we also have 

n 

A{w)>Y,Hyi)Mo^dE,). (2.10) 

1=1 



Equations (2.9) and (2.10) and the definition of q now imply 

n n 

A{w) - A{v)+w{q) - v{q) > ^ A(ordijJ(u;(yi) - v{yi)) + ^ N{w{bi) - v{bi)) 

i=l i=l 
n n 

= A{oTdE,){w{ai) - v{ai)) + J^(A^ - ^(ordsJ)(u;(6i) - v{bi)) > 0, 

i=l i=l 



where the last inequality follows from (2.8) and the choice of A^. This completes 
the proof. □ 
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Remark 2.6. It follows from [JM12t Thm 7.8] that with the choice of q above, v 
also computes lct''(b,) for some subadditive sequence b, as well as lct''(o',), where 
a', is the graded sequence defined by a'j = {v > j} for j > 1. 

2.2. Analytic setting. Let [/ be a complex manifold. When talking about open 
sets in U we always refer to the classical topology unless mentioned otherwise. 
By an ideal on U we will always mean a coherent analytic ideal sheaf on U. For 
a point X £ U, Ox denotes the ring of germs of holomorphic functions at x. Note 
that Ox is isomorphic to the ring of convergent power series in n variables over 
C, where n = d[m{U); hence Ox is an excellent regular local ring, see [MatSOl 
Thm 102]. 

We denote by vXx the maximal ideal in Ox- By a valuation at x we mean a 



valuation on Ox in the sense of ^2.1.1 



A subadditive sequence of ideals on [/ is a sequence b, = (bj)^]^ of everywhere 
nonzero ideals on U such that b, • bj 5 bj+j. If x G [/, then we write b, • Ox for 
the corresponding subadditive sequence inside Ox- We say that b, has controlled 
growth if b, • Ox has controlled growth for all x £ U- 

If q is an everywhere nonzero ideal on U, b, is a subadditive sequence of ideals 
on U and x £ U, then we define lct^(b,) := lct''''^"(b, • Ox) and Arn3.(b,) := 
lct^(b,)~"'^. Thus we have 

Arnlib.) = sup ^^^I'^l^^ 

where the supremum is over all (quasimonomial) valuations at x (note that we 
simply write f(b,) and v{q) for v{b, ■ Ox) and v{q ■ Ox), respectively). 

More generally, we shall consider the following situation. Let F be a germ 
of a complex submanifold at a point re in a complex manifold. Let Oxy be the 
localization of Ox along the ideal ly- This is an excellent regular local ring with 
maximal ideal mxy- Consider a subadditive system of ideals b, defined near x 
and a nonzero ideal q C Ox- We set 

lct^^^(b.) := Icf-^-'^lb. • Oxy) and Arn^_^(b.) := Ict^. ^,(b.)"^ 

Then 

vib.) 



Avnl y{b,) = sup 



A{v)+v{q)' 

where the supremum is over all (quasimonomial) valuations of Ox.v- 
Note that if V = {x}, then we recover the previous situation. 

2.2.1. Analytification of birational morphisms. Let x, V be as above. Consider 
a projective birational morphism vr: A — )• SpecO^^y of schemes over C, with A 
regular. We can then analytify vr as follows]^ Since vr is projective, there exists a 
closed embedding 

A-^SpecO,,y xspeccPc (2.11) 
such that vr is the restriction of the projection of the right hand side onto 
Spec Oxy - Thus A is cut out by finitely many homogeneous equations with 



^The analytification procedure here is ad hoc and not functorial, but nevertheless related to 
the construction of a complex manifold associated to a smooth complex projective variety. 
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coefficients in Oxy- These coefficients can be written as fi/g, where fi £ Ox and 
g G Ox\Iv ■ (^x- Let U he a neighborhood of x on which g and the fi are defined. 
Set W := {g = 0} U. This is a (possibly empty) analytic subset of U that 
does not contain V. After shrinking U we may assume that W is either empty 
or contains x. 

We now define a complex manifold 

X^n ^ X P^(C) 



as the analytic subset cut out by the same equations as in (2.11). Then X'^'^ is 
a complex manifold and the induced projection tt^^ : X^^ U \ W is a proper 
modification. We shall have more to say about this construction later. 

Given a point y G U \ W we define in the same way a projective birational 
morphism -Ky-. Xy — )• SpecOj^. Namely, Xy C SpecOy xgpccc Pc defined by 
the same homogeneous polynomials as above. After shrinking U and increasing 
W (but keeping x £ U and W ^ V) we may further obtain that if C tt~^{V) 
is any prime divisor, then the image TTy{E) contains V. Further, suppose b is an 
ideal on U and that tt: X — )• SpecO^^y as above is a log resolution of b • Oxy- 
Then, we may assume that the birational morphism iTy : Xy — )• Spec Oy is a log 
resolution of b • Oy for all y G U \ W. Further, there is a bijection between the 
set of prime divisors E of Xy for which ord£;(b • Oy) > and the set of prime 
divisors E of X such that ord£;(b • Oxy) > 0. 

2.2.2. Log canonical locus. The key to the proof of Theorem D is to localize at 
the locus where the log canonical threshold is as small as possible. Let x and V 
he as above and let b, (resp. q) be a subadditive system of ideals (resp. a nonzero 
ideal) defined on some neighborhood U of x. Assume that U is small enough that 
V is a submanifold of U. 

Lemma 2.7. Assume that b, has controlled growth and that 

lctj(b.) < A = lct«(b,) 

for all y £ V, where A > 0. Then Ict^ v(^») ~ ^■ 

Proof. Let us first prove that Ict^. y(b,) > A. For this, fix m > 1 and pick a log 
resolution TTm - Xm — )• SpecO^; of the ideal (qbm) • Ox- After a base change by 
SpecOxy — )• SpecO^^, tt^ induces a log resolution of the ideal (qbm) • Oxy. We 
have 

Arn3.(bm) = max , ^ . 

E ^(ordij) + ordi7;(q) 

where the maximum is over the set of prime divisors E C Xm for which ord£;(bm) > 

0. On the other hand Arn^ y^m) is given by the same expression, but where the 

maximum is only over the subset of prime divisors E for which 7rm{E) contains 

V. It is then clear that Arn^y(bm) < Arn^.(bm)- Dividing by m and letting 

m — )- oo yields Arn^ y(b,) < Arn3.(b,) and hence Ict^ ^(b,) > lct5.(b,) = A. 

Now we prove the reverse inequality. Pick any m > 1 . Consider a log resolution 



: Xjn —J" SpecOa;^ of the ideal qbm • Oxy. As in ^2.2.1 this gives rise to 



an open neighborhood Um of x, an analytic subset Wm ^ Um not containing 
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V n Um, and for each y £ V Ci {Um \ Wm), a log resolution 7rm,y ■ Xm,y — )• Spec Oy 
of qbm • Oy. Further, there is a bijection between the set of prime divisors E C 
Xm,y such that ord£;(bm • Oy) > and the set of prime divisors E C Xm for 
which ord£;(bm • Oxy) > 0. This implies that Arn^(bm) = Arn^. y(bm) for any 
y £ {Um \ Wm) n V since both quantities are calculated using the same divisors. 
Thus we have 

Ainlibm) = Ami ) < m Arn^ v'(^»)' 
the inequality being definitional. 

Now, for any y G (Um \ Wm) H V and any j > 1 there exists a quasimonomial 
(or even divisorial) valuation Vj at y such that 



> Arn^(b.) 



A{vj) + v,{q)- y^'^ j 



This gives 

A-^ < Arn^(b.) < , , + ^ < + - 

Aivj)+vj{q) J m{A{vj) + Vjiq)) j 

< -f:\, +^ + ^<^^ + ^ + ^<Arn^.(M + ^ + ^, 

m[A(Vj) + Vj[qj) m j m m j ' m j 

where the second inequality follows from the assumption that h,-Oy has controlled 
growth. Letting first j — )■ oo and then m — oo we obtain Arn^ v'(^») — -^^^i ^^"^ 
hence Ict^ y(b,) < A. This completes the proof. □ 

3. Plurisubharmonic functions 

Let [/ be a complex manifold. A function (p: [/ — )• RU {— oo} is plurisubhar- 
monic (psh) if ^3 ^ — oo on any connected component of U, (p is upper semicon- 
tinuous, and T*(p is subharmonic or = — oo for every holomorphic map r : D — )• ?7, 
where D C C is the unit disc. A germ of a psh function at a point is defined in 
the obvious way. 

A basic example of a psh function is 99 = log maxj | /j | , where fi, ■ ■ ■ , fm are 
holomorphic functions on U. li x G U and q C Ox is an ideal, then we can define 
a psh germ log | q | at x by setting 

log|q| := logmax|/i| (3.1) 

i 

where fi G Ox are generators of q. The choice of generators only affects log|q| 
up to a bounded additive term. If a and b are two ideals in Ox, then 

log |a • b| = log |o| + log |b| + 0(1). 

For further facts about psh functions, see e.g. |Hor94t [Demi . 

3.1. Jumping numbers and singularity exponents. Let (phe a psh germ at 
a point x on a complex manifold and let q C Ox be a nonzero ideal. Define 

d^i^p) = sup{c > I |qp exp(— 2c(/9) is locally integrable at x}. 

This definition does not depend on the choice of generators used to define |q|. 
We also write Cx{^) '■= c^'^{ip). In |DK01) . Cx{^p) is called the complex singularity 
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exponent of if at x, whereas c%{f) is a jumping number in the sense of |ELSV04] . 
If a C Ox is a nonzero ideal, then we have 

4(log|a|) = lct^(a), 

where the right hand side is defined as in ^2.2, see [DKnil Proposition 1.7] We 



have the foUowing generahzations of Conjectures A and B. 

Conjecture A'. If Cx{ip) < oo, then the function |qp exp(— 2cx(9j)(/3) is not 
locally integrahle at x. 

This conjecture, which is also due to Demailly and KoUar, can be paraphrased 



as a semicontinuity statement for multiplier ideals, see Remark 3.10 

Conjecture B'. If c%{ip) < oo, then for any open neighborhood U of x on which 
if and q are defined, we have 

Vol{y e U I CxiifMy) -log\q\ < logr} > (3.2) 

as r — 7- 0. 

It is clear that Conjecture B' implies Conjecture A' and that neither conjecture 
depends on the choice of generators of q. The following result is a variation of 
Theorem D from the introduction. We shall prove both these theorems in Q 

Theorem D'. If Conjecture C" in { 2.1.6\ holds for allm <n and all algebraically 



closed fields k of characteristic zero, then Conjecture B' holds on complex mani- 
folds of dimension n. 

3.2. Kiselman numbers. We now recall an analytic version of monomial val- 
uations due to Kiselman |Kis871 IKis94j . It is a special case of the generalized 
Lelong numbers introduced by Demailly |Dem87) . As our setting differs slightly 
from the above references, we give some details for the convenience of the reader. 

Let Q he a complex manifold of dimension n, Z C a connected submanifold 
of codimension m > 1 and Di, . . . , Dm distinct, smooth, connected hypersurfaces 
in Q. such that Z = f]^Di and such that the Di meet transversely along Z. Also 
suppose we are given positive real numbers ai > 0, 1 < i < m. In this situation 
we will associate to any psh function ip onU its Kiselman number Tz,D,aif) > 0. 

In preparation for the definition, pick a point z € Z and local analytic coordi- 
nates (ui, . . . , Un) at z such that Di = {ui = 0} for 1 < i < m locally at z. For 
t £ R<Q with ti <^ let Du{t) C J7 be the polydisc with radius e* and Su{t) its 
distinguished boundary, that is 

n n 

D^{t) := f]{\ui\ < e*»} and Su{t) := f|{|ni| = e*»}. (3.3) 

1=1 i=l 

We also write Du{s) = Du{s, s, . . . , s) for s G R<o- 

Let ip he a psh germ at z and pick e > small enough that ip is defined in an 
open neighborhood of the polydisc Du(loge). For t G R-^ioge set 

II{t) := sup ip = sup ip. 

Du(t) Suit) 

^In loc. cit. only the case q = Ox is treated but the same proof works in the general case. 
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Clearly H is increasing in each argument and it is finite-valued since if is upper 
semicontinuous. Less obvious is the fact that H is convex; for this see |Kis94t 
p. 12]. Note that H is continuous on the closed set R<ioge since it is defined and 
convex on an open neighborhood of this set. 
We now define a new function 

h = hip^z,D,z,u,e ■ R>o ~^ 

by setting 

h{a) := hm ^^^-^^ + , 

s— >— oo s 

The limit is well defined by the convexity of H. 

Lemma 3.1. The function h = hip^z,D,z,u.e has the following properties: 

(i) h is nonnegative, continuous, concave, 1 -homogeneous and increasing in 
each argument; 

(ii) h does not depend on the choice of e as long as ip is defined in an open 
neighborhood of D (log e). 

If, further, Oi = for i > m, then 

(iii) h does not depend on the choice of local coordinates {ui, . . . ,Un) at z, as 
long as Di = {ui = 0} for i < m; 

(iv) h does not depend on the choice of point z & Z as long as f is defined in 
a neighborhood of z. 

Proof. To alleviate notation, we shall only write out the relevant part of the 
subscripts of h = h^^z,D,z,u,e- 

The fact that h is nonnegative, continuous, concave and increasing follows from 
H being continuous, convex and increasing. That h is 1-homogeneous is clear. 
This proves (i). 

As for (ii), suppose < e' < e. It is clear that /i^/ > /ig since H is increasing. 
To prove the reverse inequality, first suppose that Oj > for 1 < i < n and set 
6 = miuj CKj . Then 

Duiloge + sa) C L>„(loge' + (s + ^ log ^)a), 

e 

so that ii'(loge + sa) < H{loge' + (s + j log for any s < 0. This implies 
hs{a) > /ie(a). By continuity of hs and h^i we get > h^i and hence = h^i 
on R^Q. 

Now we turn to (iii) and (iv) so suppose Oj = for i > m. 

Let (u'^, . . . , ii'„) be another set of local analytic coordinates at z such that 
Di = {u[ = 0} for 1 < i < m. We can write Ui = u[gi for 1 < i < m, where 
Qi G Oz and gi{z) ^ 0. It is easy to see that if e > is small enough, then there 
exists e' > such that 

Du' {logs' + sa) C Du{\oge + sa) 

for all s < 0. This gives hu'{a) = h^i^^i^a) > hu,e{.Oi) = hu{a) and the reverse 
inequality follows by symmetry. Thus (iii) holds. 
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Finally we prove (iv). Thus pick a point 2; G Z, and a set of local coordinates 
u at z. Pick < e ^ 1 and z' £ Du{ioge) n Z. Then u' := u — u{z') defines local 
coordinates at z' and for any a as above and any s < we have 

Du' {log e + sa) Q Du(iog2e + sa) and Du{log e + sa) Q 0^/ (log2£ + sa). 

This implies that h^' = hz\u',e ^ hz,u,2e = hz and, similarly, hz > hz'. Thus z 1— )• 
hz is locally constant on Z, which completes the proof since Z is connected. □ 

Now assume = for i > m and > for 1 < i < m. The number 
is called the Kiselman numbei^oi (p along Z with weight along Dj. As ex- 



plained in Lemma 3.1 , it does not depend on the choice of coordinates Ui defining 
the hypersurfaces Di. However, given such coordinates, it follows from the con- 
vexity of H that we have the estimate 

^ < Tz,D,a{f) max — log \ui\ + 0(1), (3.4) 

i<m CKi 

near z. From this inequality we easily deduce 

Lemma 3.2. Suppose ip, ip are psh functions defined near some Zariski general 
point z £ Z. Write r = Tz,D,a- Then: 

(i) if f < ip + 0(1) near z, then T{(p) > t(^); 

(ii) r(max{(^,?/'}) = mm{T{ip),T{ip)}. 

Proof. The inequality in (i) follows immediately from the definition. As for (ii), 
note that (i) implies r(max{99, -i/;}) < min{r((/9), t((/?)}. The reverse inequality 



follows from (3.4). □ 



Remark 3.3. It is also true that r((^ + tp) = T{ip) + t{'4j), but we do not need 
this fact. 

Remark 3.4. Using the same construction, we can define Tz,D,a when Z and 
the Di are germs of complex submanifolds at a point in a complex manifold. 

Remark 3.5. When = 1 for 1 < i < m, the choice of hypersurfaces Di play 
no role; in this case the Kiselman number is equal to the Lelong number along 
Z [Ld69] . 

3.3. Kiselman numbers and quasimonomial valuations. Let C/ be a com- 
plex manifold, x £ U a. point and V the germ at x of a complex submanifold of 
U. We allow for the case V = x but assume that V has codimension > 1. As 



in ^2.2.1 let Oxy be the localization of Ox at the ideal ly ■ Ox and let m^..^ be 
the maximal ideal of Oxy- Let w be a quasimonomial valuation of Oxy- We 
want to associate to v a Kiselman number on a suitable modification. 

Consider a projective birational morphism vr : X — )• Spec Oxy that is adapted 
to V in the sense of §2.1.1 Thus there exist prime divisors Di , . . . , D^ on X such 



that Di has simple normal crossing singularities, and an irreducible component 



^In [Kis87l IKis94j . the Kiselman number is called a refined Lelong number whereas De- 
mailly |Dem87) calls it a directional Lelong number. 
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Z of HilLi such that v is monomial with weight aj > on Di for 1 < i < m. 
The assumption that w > on Oxy imphes that vr(Z) C V . Let ^ be the generic 
point of Z and pick functions Ui G Cjc,^; 1 < i < m, such that Di = (uj = 0). 
Thus the functions Ui are regular on a Zariski open subset of Z . 

Using the construction and conventions of §2.2.1 after shrinking U a little, 



the projective birational morphism vr : X — t- Spec Oxy gives rise to a complex 
manifold X^'^ and a proper modification tx^^ : — t- [/ \ VK, where Vl^ C [/ is a 
complex sub variety not containing V . 

Further, after again shrinking U and increasing W if necessary, there exists an 
open subset f2 of X^^ on which the functions Ui, 1 < i < m, are holomorphic and 
such that the following properties hold: the sets Df° := (uj = 0) are complex 
submanifolds of of codimension one, meeting transversely along the connected 
submanifold Z^'^ := ni<i<m Df"- Further 7r^"(Z^'^) ^V\W. 

Let r = r^an ^an Q, denote the Kiselman number with respect to the data above. 



see ^3.2 



Definition 3.6. If 99 is the germ of a psh function at x, then we define 

v{ip) := Tiipoir''''). (3.5) 

Note that this definition a priori depends on a lot of choices made above. 
However, we have: 

Proposition 3.7. The definition of v{(p) does not depend on any choices made 
as long as the birational morphism vr: X — t- SpecO^ y is adapted to v. 



We shall prove this result in |3.4| using multiplier ideals, see Remark 3.13 For 
now, we only treat the following special case. 

Lemma 3.8. If b Q Ox is a nonzero ideal, then 

v{b-Oxy)=T{{log\b\)oTr''^). (3.6) 



Proof. Note that both sides of (3.6) depend continuously on the weight a E 



Rtl^Q. Hence we may assume that the are rationally independent. In view of 



Lemma 3.2 we may also assume that b is generated by a single element / E Ox- 
We must prove that r(log |/| o tt^"^) = v{f). 

Consider a Zariski general closed point z £ Z and pick functions Um+i, ■ ■ ■ ,Un £ 
Ox,z such that u := {ui, . . . ,Un) define local algebraic coordinates on X at z. 
Write u' := {ui, . . . , Um) and u" := {um+i, • • • , Un)- Consider the expansion of 
/ o TT as a formal power series in Ox,s, ~ C |u| = C {u"} |n'] : 

/o^= Yl ap,{nfiuy= (3.7) 



where a^^^ E C and 



a^{u")= Y ap^iu'T e Clu"} C CM. (3.8) 
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Since the at are rationally independent, there exists a unique f3 minimizing /3-a := 
Piai + • • • + PmCtm over all /? for which 0/3 ^ 0. By definition, we then have 

v{f) = P-a. 

Since the point z £ Z was generically chosen, it corresponds to a point, also 
denoted z, on the complex manifold Z^'^. We may assume that such that / 
is holomorphic near 7r^'^(z) £ U \ W. Pick < e <C 1 such that / o 7r^° is 



holomorphic on the open polydisk \ui\ < e, 1 < i < n. The first series in (3.7) 
is then the Taylor series of the holomorphic function / o vr^" at z in the analytic 
coordinates u and this series converges locally uniformly in the polydisk ||u|| < e. 



Further, for every /3, the series in (3.8) converges locally uniformly for ||n"|| < e 



to a holomorphic function a^(ii") and the second series in (3.7) converges locally 
uniformly for ||n|| < e. 

By assumption, the holomorphic function is not constantly equal to zero. 
After moving z (but keeping z G Z^^) a little and translating the coordinates 
Um+i, ■ ■ ■ ,Un accordingly, we may assume that 05(0) 7^ 0. Let us use the notation 



of §3^2] For < e < 1 we have 

log I/I o = log 1/ o vr'^'^l ~ log |a^(0)(n')^| ~ • a 

on the set ^^(loge + sa), as s — )• —00. This implies that 

r(log|/|ovr'^-) = ^.a = i;(/) 

as was to be shown. □ 

3.4. Multiplier ideal sheaves and Demailly approximation. To a psh func- 
tion if on a complex manifold U is associated a multiplier ideal sheaf This 
is an ideal sheaf on U whose stalk at a point x is the set of holomorphic germs 
f £ Ox such that \f\'^e~'^'^ is locally integrable at x. The coherence of J{^) 
is a nontrivial result due to Nadel |Nad89[ INad90| , which can be proved using 
Hormander's L ^-est imates, see |DKOH Thm 4.1]. 



Recall from ^3.1 the definition of the jumping number Cx(v') of (/? at x relative 
to an ideal q on f7. Given fj. > consider the colon ideal = {J{^ip) : q) on U. 
This is an ideal sheaf on U whose stalk at a point x € U is given by 

• Ox ■■= {heOxl l/iplqpe-2''^ is locally integrable at x}. (3.9) 

Since J{^i^) and q are coherent, so is a^. 

Lemma 3.9. We have c%{ip) < fi iff a^^-Ox 7^ Ox- As a consequence, the function 
X I— 7- is lower semicontinuous in the analytic Zariski topology on U . 

Proof. The first statement is clear. Hence, for /i > 0, the set 

y- := {x G [/ I 4(95) < /i} (3.10) 

is equal to the support of the coherent sheaf Oy jo.^ and in particular an analytic 
subset of [/. It follows that for A > 0, the set 

Fa := {x G C/ I 4(^) < A} = n V (^-H) 
is also an analytic subset of \J . This concludes the proof. □ 
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Remark 3.10. Conjecture A' in ^3.1 is equivalent to a semicontinuity statement 
about multiplier ideals. Indeed, define J'^{ip) as the increasing (locally station- 
ary) limit of i7((l + e)if) as e \ 0. Then Conjecture A' precisely says that 

If /i, . . . , /m are holomorphic functions on U, generating an ideal sheaf q and 
if log |q| is the corresponding psh function on U defined by (3.1 ), then we have 

J(log|q|) = J(q), (3.12) 

where the right-hand side is defined as in ^2.1| see |DK01l Proposition 1.7]. 

Lemma 3.11. If <p >plog|q| + 0{1) for some integer p > 1, then J(}p) 5 q^. 



Proof. In view of the assumption and (3.12) we have 

j((^)D j(piog|q|) = 

Here the last inclusion holds since J {a) 5 a for any ideal a. □ 
Now fix a psh function Lp on U . For j > 1 set 

b, := J(jV). 

It follows from |DELOO| that b, = (bj)^]^ is a subadditive sequence of ideals 
on U . The following result (which was known in the case V = see [DKOll 
Theorem 4.2] and |BFJ081 Theorem 5.5]) allows us to understand the singularities 
of (/3 in terms of those of b,. 

Proposition 3.12. Let x be any point in U and let V be the germ at x of a proper 
complex submanifold. Define O^y as in {2. 2 Then the following properties hold: 

(i) for every nonzero ideal q Ox we have c%{ip) = lct5.(b,); 

(ii) the subadditive sequence b, • Oxy has controlled growth; 

(iii) for every quasimonomial valuation v on Oxy we have v{ip) = v{b,-Oxy)- 

Remark 3.13. In (iii) we compute v{^) as a Kiselman number of the pullback 
of (f under a suitable proper modification, the latter being the analytification of 
a blowup of SpecOxy, see ^3.3 Since the quantity v{b, ■ Oxy) does not depend 
on any choices made, we see that v{(p) is uniquely defined. Thus we obtain a 



proof of Proposition 3.7 



The proof of Proposition [3?T2 relies on a fundamental approximation procedure 
due to Demailly jDem921 IDem93j . We refer to |DK01t §4] for details on what 
follows. 

Let iphe a psh function defined in some pseudoconvex domain B Q U contain- 
ing X. For p > 1 consider the Hilbert space 



Hp := {/ G 0{B) I / l/pe-^J"^ < oo}, 
Jb 



with the natural inner product. It is a fact that for every y £ B, the elements of 
T-Lp generate the stalk at y of the multiplier ideal sheaf bp := J{p(p). Define 



(^p:=-sup{log|/| I / \ f\''e-^P^<l}. 
P Jb 
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Then ipp is psh on i?. It follows from the Ohsawa-Takegoshi Theorem that 

C 



(f <(pp + 



P 



(3.13) 



on B, for some constant C not depending on ip or p. For any y G B and any 
nonzero ideal q Q Oy we also have 



(plctj(bp))-i = 4(^p)-i<4(^)-i 



< cli^p)-^ + - = (plct^(bp))-i + -. (3.14) 



Here the two equalities follow from (3.12) whereas the first inequality results 
from (3.13). The second inequality is proved in |DK01l Thm 4.2 (3)] in the case 
q = Ojj and the same proof works in the general case. 



Proof of Proposition 3.12 Clearly (i) follows from (3.14) with y = x hy letting 
p — )• oo. It remains to prove (ii) and (iii). 

We use the notation of ^3.3 Write r = Tz,D,a- It follows from (3.13) and from 
Proposition 3.7 that 



1 



o tt""^) > t{^p o tt"-^) = -V{bp ■ O,, 



p 



for any p > 1. 

We will show that if / G Hp, then 



v{f) + A{v) > pr(99o vr"* 



(3.15) 



(3.16) 



Grant (3.16) for the moment. We then have 

-v{hp ■ O^y) < T{ip o TT^") < -v{bp ■ O^y) + -A{v). (3.17) 
p p p 

Letting p tend to infinity we see that r((^ o vr^") = f (b, • Oxy)^ proving (iii). In 
particular, v{ip) = r((/9 o vr^") is well defined independently of any choices made 
so we have established Proposition 3.7 Since v was an arbitrary quasimonomial 
valuation on Oxy we also see that b, • Oxy has controlled growth, proving (ii). 

It only remains to prove (3.16). Since both sides of (3.16) depend continuously 
on the weight a, we may assume that ai, . . . , am are rationally independent. We 
now argue as in the proof of Lemma 3.8, recycling the notation from that proof. 
Thus we have the expansion (3.7) and we have a^(0) 7^ for the unique /3 G Z>q 
for which fi ■ a = v{f). 

Now fix » 1. Define a sequence of disjoint open subsets {^k)k>o of by 



:= f]{-{K + k) < 



i-l 



log \ui 

OH 



<l-{K + k)}n Pi {-K <log\u^\ <l- K}. 

(3.18) 



i=m+l 



For large k we then have the following estimates on 

log\f o n'"''] > -kv{f) + 0{1) and 99 o vr'^'^ < -A;r((/7 o ^'^°) + 0(1). 
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(3.20) 



(3.21) 



Here the second estimate follows from (3.4). Let r/ be a nonvanishing holomorphic 
volume form near x and write {■n^^)*r] = Jtt^^ ■ rju near where rju '■= dui A - ■ ■ A 
dun- We then have 

m 

log I Jtt^^I = ^{Ai - 1) log \u^\ + 0(1) (3.19) 
1=1 

near z, where Ai G Z>o. Further, we have 

m 

A{v) = ^Oi^,. 

i=l 

As /c — )■ oo, we then have 

m 

log I JTr'^'^l ~ -k{A{v) -^ai) + 0(1) 

1=1 

on ilfc. Moreover, the volume of can be estimated by 

„ m 
log (^/^)X Ar?^= -2A:^ai + 0(l) (3.22) 

as -> cx). 

Note that if K is large enough, then ir^^ is biholomorphic on fi^ and -7r'^^(r2fc) 
is contained in B for all /c > 0. Thus we get 

+ oo > / \f\\-^P^{^)-rj A r? > V / |/|2e-2p'P(^)> A r? 



(\/^)"r?« A rju 



> ^ exp i-2kivif) - priip o vr^-) + A{v))) , 

fc=0 

which yields (3.16) (with strict inequality). □ 



4. Proof of the main results 

We are now ready to prove Theorem D from the introduction and its variant 
Theorem D' from §3.1[ Consider a germ of a psh function ip at a point x in a 
complex manifold of dimension n and let q C Ox be a nonzero ideal such that 
Cx{f) < OO. Let U he a small open neighborhood of x such that ip and q are 
defined on an open neighborhood of U. Also fix a nonvanishing holomorphic 
volume form r/ in a neighborhood of U and compute all volumes with respect to 
the positive measure {y/^)""q A fj. 
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4.1. Analytic reduction. As in §3.4| set 

V^:={y&U\ cliif) < /i} 

for /i > A := Cx(v3) and 

V:=Vx = {yeU\ cliip) < A}. 



Note that x gV. By the lower semicontinuity of y ^ Cy (see Lemma 3.9), is 
a proper analytic subset of U for any /i > A and V is the decreasing intersection 
of for ah /i > A. Using the fact that (/? and q are defined in a neighborhood of 
U we deduce the existence of fi > X such that V = V^. 

Lemma 4.1. In order to prove Theorem D', it suffices to assume that V is smooth 
at X and that ip > plog|/y| + 0(1) near x for some integer p > 0. 

Proof. We can replace x by a Zariski general point in V. Indeed, we have Cy{ip) = 
A for a Zariski general point y £ V, and if the estimate 

Vol{y' e Uy I My') - log |q| < logr} > (4.1) 

holds for every neighborhood Uy of any point y in a dense subset of V, then it 
also holds for every neighborhood of x. In particular, we may assume that V is 
smooth at x. 

Pick generators of ly ■ Ox- After shrinking U, we may assume these generators 



are defined on U and that the associated psh function log |/y|, defined as in (3.1 ), 
is negative on U. For an integer p > define 

!f := max{(^,plog|Iy|}. 

We claim that c%{(p) = Cx{^) for p ^ 0. This will allow us to replace ip hy (f and 



complete the proof. Indeed, we have 99 < so if the estimate (3.2) holds with ip 
replaced by (p, then it must also hold for (p. 

To prove the claim, pick /i > A such that Vfj_ = V. Consider the colon ideal 
Qfj, = { J'{p,(p) : q) on U. This is a coherent ideal sheaf on U whose stalk at y £ U 
is given by 

■ Oy := {h£Oy\ |/i|^|q|^e"^''^ is locally integrable at y}. 

The fact that = V implies that the zero locus of is equal to V. Hence the 
Nullstellensatz implies that there exists A > 1 such that ly C a^. Now pick the 
integer p > large enough so that 

A 

P> r. 

/i — A 

Pick any A' G (A,//) such that p > N/{fi — A'). For < r ^ 1 define Borel 
subsets Ur, Ur and U^. of U by 



Ur 


■■= {AV 


- log 


|q| < logr} 


Ur 


:= {AV 


- log 


|q| < logr} 


u'r 


:= {flip - 


- log 


q - Alog \Iv\ < logr} 
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It follows from the choice of p that Ur ^ Ur U [/'.. 
guarantees that, after possibly shrinking U, we have 

dr 



The inclusion ly 



C 0„ 



voi(f/;)- 



< oo. 



(4.2) 



Indeed, if we set F := exp(A^log + log |q| 



oo > 



fif), then, after shrinking U, 
dr 



Yol{Un{F >t})tdt = 2 / Vol(J7; 



where the last equality follows from setting t = 1/r. 

On the other hand, the fact that A' > A = Cx{^) implies that 



Vol(C/^ 

The inclusion Ur QUr^U',. then gives 

Vol(C7,. 



dr 



dr 



oo. 



oo, 



so that Cx{(p) < A'. Letting A' — A we get Cx{(p) < A. But > 93, so we must 



have Cx{(p) > c%{ip) = A and hence cl{(f) 
completing the proof of the lemma. 



cl{ip), establishing the claim and 

□ 



Remark 4.2. The proof of Lemma 4.1 can be viewed as an analytic analogue of 
the arguments in |JM12[ §7.4]. 

4.2. End of proof. Let x and V be as above. In particular, V is smooth at x. 
Let Ox,v be the localization of Ox at the ideal ly • Ox- Then Oxy is a regular 
local ring with maximal ideal m^y = ly ' Oxy- Its dimension is equal to the 
codimension of V and hence bounded by n. It is also an excellent ring. Indeed, 
Ox is isomorphic to the ring of convergent power series in n variables, hence 
excellent, see [MatSOl Theorem 102], and excellence is preserved by localization. 



Set hi 



J{j<-p) for j > 0. Then b, • Oxy is a subadditive system of ideals 

TTi T " " ' we may assume 



By Lemma 4.1 



having controlled growth, see Prop osition 3.12 
ip > plog|/v| + 0(1); hence Lemma 3 

From the definition of ^ = Vx and from Proposition 3.12 we see that 



implies bj ■ Oxy ^ ^x V ^'-'^ J ^ 1 



lct^(b.) = cliip) = A 



for every y ^ V. Lemma 2.7 then shows that 

lct''-'^-^(b. -0,^) = A. 

Recall that we assume that Conjecture C holds in rings of dimension at most 
n. Proposition 2.3 implies that Conjecture E' also holds in rings of dimension at 
most n. We can thus find a quasimonomial valuation v on Oxy such that 

A{v) + v{c\-Oxy ) _ . . . 

v{b. . Oxy) - ^'-'^ 

Consider a projective birational morphism tt : X — )■ Spec Oxy such that vr 
defines a log resolution of q and such that X is adapted to v- Thus v is given by 



data Z,D,a as in ^2.1.1 
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We analytify vr following ^2.2.1 and ^3.3 Let r denote the Kiselman number 
with respect to the data Z^^, D^^, a, see ^ 3.2 , We know from Proposition 3.12 (iii) 
and Remark 13.131 that 

T{^o7r^^) = v{b,-0^y). (4.4) 



Thus (|43|) yields 

XT{ipo7r^'') = A{v) + viq). (4.5) 
We use the notation from §3.3[ Pick a Zariski general point z £ Z^^. Then 



Iog|q|o7r^'^ = ^cilog|ni|+O(l) 



i=l 



near z, where Cj = ord/). (q) > 0; see the end of ^2.2.1 We also have 

m 

log I Jvr-I = ^{Ai - 1) log \u,\ + 0(1), 



1=1 



where Ai G Z>o, see (3.19). Finally, recall from (3.4) that 

o vr'''^ < T{ip o vr'^'') max — log \ui\ + 0(1) 

l<i<m OLi 



Fix K ^ \ and define disjoint open subsets O^, /c > 0, of $7 as in (3.18). As 
k ^ oo, we then have the following estimates on ri^: 

yjoTT^" < -A;T((/5O7r^'^) + 0(l), 

m 

log |q| o vr^" >-kY, CiOCi + 0(1) = -kv{q) + 0(1). 

i=l 



Using (4.5) these estimates imply that 

Xip - log |q| < -k{XT{ip o TT^"") - v{q)) + 0(1) = -kA{v) + 0(1) 
on the open set 7r^^{^}k) C U. For 1 < i < m set 

Qf^^ :={-(K + k) < <l-{K + k)}. 

ai 

Then we can estimate the volume of 7r^"(0fc) as follows: 



(4.6) 



m „ rn 

/ \ui\'^'^'~^duiAdui>llexp{-k{2A,ai))=eM-'^kA{v)). 

1 = 1 -^^kA i = l 



This estimate together with (4.6 ) concludes the proof of Theorem D'. By choosing 
q = Ofj throughout all the arguments (see also Remark 2.4), we also obtain a 
proof of Theorem D. 
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